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)*)* +,-./0-12-30/04.56078/,290:* * * * * * * * * * * * * * * * * * * * * * ;
)*<* +2=:20:>1384.?3>484=0@=A?93--?4B4:23C93D423E=/8215B1.:=04FG:518/H
>1318: * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * )I

)*J* +D4259542598D42,/.513:7/2-4?8-=63=K7/=8:* * * * * * * * * * * * * * * * * <J

)*L* M:3K5=A>24=4?93-:2=:20:>13* * * * * * * * * * * * * * * * * * * * * * * * * <N

)*O* M18/3-=A>24=4?93-:2=:20:>13 * * * * * * * * * * * * * * * * * * * * * * * * JO

P�Q��R���������S#����T��� UU

<*)* +>92455:85:0/=4FVW5543X:2C3>Y.@39F42/3>2131.:=B424.5E39F4:>9245,->H
5/3Y513-D42:?:5/=,:. * * * * * * * * * * * * * * * * * * * * * * * * * * * * * LI

<*<* +23C93D423E=/8215/=:>:=5618-63B424.9859=84X/.:5=/>C2:F * * * * * * * O)

<*J* +>0Z)[J434584X/.:5=/>CD/80621=* * * * * * * * * * * * * * * * * * * O;

(�\]̂_������������������̀�a#�$''�����]̂�# ���#��R��� ����������

������ b�

U�c���������� d(



���������

+>420K25)�9X3/81.�89=/7:+.?8139306.=:5183:-�5/X1,,1�:06423/.93�56?H
?4.=-?/2F/>5::>6.*?-3>=8950/04.56054�G.-=15*�..4=:>:29.V4F4�G/FVG:-3H
048BW=4FVξX:

2C3>Y.@39F-X125/>C,->/.V/3E(ξ), . . . , E(ξm)
G:5X1.V0/04.560:-5�X:FV

E[
(

ξ

1

)

], . . . , E[
(

ξ

m

)

]
,-./0-12-30/04.560:-5�:==/84>4=,E2=AX45=4>545G45W.=:P (ξ ≥ r)

X:2C3>Y.@39F84�-2245X4:?6.=4>4=84BC2=A>42Y5E:23C93D423E=/8215/=:5*�345W.=,4.:ξ
X:2C3>Y.@39F-X125/>C?-3>=895�X9F433/=24G4539F439859=4X:.*�92?:=9.5402Y5G45E=:
51X=A>293-G12C>:5/=�:G/2X:FV=95D/FV:3>5C=A>A55-A33>4=A55459324G45E39F9.4=�X:FV

:>4F93>G12C>:5A33>4DWFFE39F9.4=:X:2C3>Y.@39F95:=:8B6==A>42Y5E24F04FG:518/>.-*

+=95D/FV:3>5CX:2=:7�3/2:5/378/,290:43459,4.:D/FV:3>5C=:5A33>4=A5EK5X/.:2:=

0-.?4FV-=44FVH4FV43409.V�:>5B424.5-�G/FV:>K5X/.:20@=A?-=H4�X:FV340�:ξ

X:2C3>Y.@39F-X125/>C74?-F:>5B424.5-�G/FVG1.V43409.V=AX45=4>-=,4*	4�3W2.-:=:8H
B6=:P (ξ ≥ 1)X:

2C3>Y.@39F45�X:FV-3:..:=:X:2C3>Y.@39F95�G/FV24F:21,,4FVK5X/.:2

0W=A?-=* �>E[
(

ξ

k

)

]
,-./0-12-30/04.560�0-.5-30484543�:>43409.V=H:3/=X:2CH

3>Y.@39F9.4=A33>4F9X424FV4.2E* +X:2C3>Y.@39F:23C93D423E=/8215B:-.:=04FG:518/H
>1318:2-.418-378/F8:0/>13-D42:?:5/=93:>4>4=4504F/2?C6.*?6120C?3>484=3>/2F12H
.:=*

+?-3>=8950/04.56054�G.-=::2=:20:>13:-?E,4.24B153>C?CD42:?:5/=04F/2?1318:

09F.-.�34.04FD4242E0C?/.=-:=.1>X:*
:X12:3>5=4843W.=/2V:.=98?934=84�0-.572�

04..V-:>152:F/3:.425425-?E:84.?3>48423E04FG-,13/?131-F�:==/8:0-.?4.4FV43
-?E7/.58:D42Y85?-3>=8950/04.56078/,290:125:23>/2F125:5/55:23C93D423E,4�32934=

.40424F4.?E4=:X12:3>:?138:*

+?-33>4851�-C,:.-2V4.B4224F@=98?934=04F/2?131X:2D/F2:2=/>6.=* +0C?3>485:.

:X:2C3>Y.@39F4209245�:2-.418-378/F8:0/>1393:0:540:5-=:-:.:2Y>-3A5XA>459.:2:7H
3>-=*�93>245434.D/F2:2=/>6.=:,->5/3Y513-0:540:5-=:-78/,2901==A89,4.-30484543

4FVW554392455:85:078/,2901=
=A>42Y5E04F/2?131X:2*+>4FVW55439245,->5/3Y513554H
=-.5X442E3>A8/75-012-3,4�32934=45:?6.=:88:X/.:5=/>C2:F�G/FV:?/55-?E7/.5-F:?/55

3>10K4FV4?9245,4.0:8:?B/.�0:B?:2-.418-378/F8:0/>13420924595:5A,,X125/>C3

X:2C3>Y.@39F-3@8@39FDWFFX9.V4=-.54F812B:-5D42G:3>.12X:�=AX45=4>5454W.=:,->5/3Y513-

)



7/2-5-=1X:2=:7�3/2:5/36.*:=5618-63B424.9859=84*

+>484?09.V4=45G:>:-G:2:.?C31F-51,21=8:510:3>=/?X:3>103>48@24F-2263>5812B6=*

<
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+>K.*04F,Y>G:5C31F-84.?3>484=24F4FV3>48@,,43454-:3/8/3-2245X4718G6>:0/3
=:7�3/213-84.?3>484=
213?)�<*1,81=*�

        

          1
        
            2

        
           n

)*1,8:*�/8/3=:7�3/213-84.?3>48

        

          1

        
            2

        
           n

<*1,8:*�18G6>:0/3=:7�3/213-84.?3>48

+84.?3>48,4.3>48472E)H5E2nH-F3>10/>/55A33>454XE
=45=/07/.4.34=.4=.4X4>>W=*

+3/8/384.?3>48:==/893�3:=:==/80@=A?-=�G:0-.?4FV-==/07/.4.340@=A?-=*+
718G6>:0/384.?3>48:==/893�3:=:==/80@=A?-=�G:24F:21,,4FV=/07/.4.340@H
=A?-=* 
:4FV3>48@39F=4?X9985D42595424>>W=�G/FV:>4FV43=/07/.4.34=4FV0135C2

DWFF4524.W20@=A?.4=�X:FV.400@=A?.4=�93pi

B42A2-:..:=:X:2C3>Y.@39F95�G/FV

:>iH4
?-==/07/.4.30@=A?-=�:==/8:3/8/3�-2245X4718G6>:0/384.?3>484=0@=A?93-

J



X:2C3>Y.@39F95:>:21,,-=972454=3>/2F125:5B1=�

r = p1p2 . . . pn


)*)�

r = 1 − (1 − p1)(1 − p2) . . . (1 − pn).

)*<�

+FV:=/82:5-78/,2901=,:.:>4FV43=/07/.4.34==42=:7�3/2:5,:.,43>92G45W.=:>/=

92455:85:018C2*�>4=8E2D425433>W=�G/FVX:2C3>Y.@39F-X125/>C=*�FV3>48@39F=4?X9985

54FVW=D42:>5-3�G/FVDWFF4524.4=*
::>iH4
?-==/07/.4.392455:85:015Xi

B42A2-93

Fi(t)
4..4=42/3>213DWFFX9.V4�

Fi(t) = P (Xi ≤ t), i = 1, . . . , n,

)*J�

:==/8:84.?3>485-?E7/.5,42-0@=A?93-X:2C3>Y.@39F95:>
)*)�-2245X4
)*<�=972454=
3>/2F125:5B1=:

pi = 1 − Fi(t), i = 1, . . . , n

)*L�

G42V45543Y593342* +5/X1,,-:=,:.:84.?3>480@=A?93- X:2C3>Y.@39F95 :84.?3>48

04F,Y>G:5C31F1.:=.4X4>>W=* +FV:=/82:5,:..40�3:=:84.?3>48:?/55-?E7/.5,42-

04F,Y>G:5C31F1.:=:X:2C3>Y.@39F95:=:8B6=04FG:518/>.-�G:.400134FV9,B42240>E

:?:5/=:5-3*�>4==A89,4.4FV-=24FD/.5/3:,,:04FG-,13/?13-F425425-?EX18G:5C9859=4*
�/8/384.?3>4843459,4.:04FG-,13/?13-F425425-?E5:>

X =�
-.(X1, X2, . . . , Xn),


)*O�

718G6>:0/384.?3>4843459,4.:>

Y = Max(X1, X2, . . . , Xn),

)*N�

X:2C3>Y.@39F-X125/>C:?B:04F*

�>4=X18G:5C9859=9542X,4.04FG:518/>G:5B6=:>:21,,-0C?/.*�30484543�G/FVG:

4FVZ .40.4F:5YXX:
2C3>Y.@39F-X125/>C42/3>213DWFFX9.V4G(z)�:

==/8

E(Z) =

∞
∫

0

[1 − G(z)]dz.

)*��

L



�23E29793,4.54G15:>
)*O�93
)*N�=972454==42 :?/55X, Y X:
2C3>Y.@39F-X125/>C=

42/3>213DWFFX9.V95=42204FG:518/>.6.=*�>=A..V4.04F54G45E:>Fi(t), i = 1, . . . , n

42/3>213DWFFX9.V4=-3048459,4.*M:2C,:.�3/8/384.?3>4843459,4.:>5=:7B6=�G/FV

F (t) = P (X ≤ t)

= P (min(X1, . . . , Xn) ≤ t)

= 1 − P (min(X1, . . . , Xn) > t)

= 1 − P (X1 > t, . . . , Xn > t)

= 1 − P (X1 > t) · · ·P (Xn > t)

= 1 −
(

1 − F1(t)
)

· · ·
(

1 − Fn(t)
)

.


)*I�

�18G6>:0/384.?3>4843459,4.X-3>/.5:>:?C?-=�G/FV

G(t) = P (Y ≤ t) = P (max(X1, . . . , Xn) ≤ t)

= P (X1 ≤ t, . . . , Xn ≤ t)

= P (X1 ≤ t), · · · , P (Xn ≤ t)

= F1(t) · · ·Fn(t).


)*;�

+D4.5-4=3>48-.5:3/8/384.?3>4843459,4.:04FG-,13/?13-F425425-?EX18G:5C9859=4

∞
∫

0

[1 − F (t)]dt,

)*)��

718G6>:0/384.?3>4843459,4.74?-F:X18G:5C9859=

∞
∫

0

[1 − G(t)]dt.

)*))�

O



	/.V/2625:,,43455421226.=3>40,4.:==/8�G::>X1, . . . , Xn
X:2C3>Y.@39F-X125/>C=

3>5/�G:3>5-=63:.A33>4DWFFE=*

+5/X1,,-:=,:.FV:=8:.D42D/FB6=G:3>.12.-:>6.*3>-5:D/806215�042V5453>E24F43

A1, . . . , An
43409.V4=8498X9.V43�

P (A1 ∪ . . . ∪ An) = S1 − S2 + S3 + . . . + (−1)n−1Sn,

)*)<�

:G/2

Sk =
∑

1≤i1<...<ik≤n

P (Ai1 ∩ . . . ∩ Aik) , k = 1, . . . , n.

)*)J�

�D/806215FV:=8:.�/-.�:89D/80621.:=.4X4>-=�:88:X:2C54=-.545542G/FV4>5�/-.�:89

)I;N�?/2F/>:51,:.=A>A254*+3>:=-8/?:2/05:.K31F:3>48-.5:>/.,:.:D/806215�3E5
4..4=.9G1.V125:21./3Y51315-3�*�/8?:.
)IN��?/2F/>:5:0185:85:20:>>:*+3>-5:D/8H
062:0C?3>489.4=5A859.459593:2=:20:>1315-2245E4.2?*�:=1�3
);N���-==9593�89=/7:

);;O�=A.VX95* +>
)*)J�=97245542:?/5504..V-39F4=45,-./0-12-30/04.560/=.:=
.4X4>>W=*+>42.4X4>935:>:21,,-59542-.?/=/2B:�042V.4=,->/.VY513:04F5:212G:5C:>

402Y5455�-==,4.93=A.VX,4.*

���������������	�V 
�A1, . . . , An
���
����������
��

��

�

���
���

�

���������
������������������


�������
 �

������!���"������������������#����" 0, 1, . . . , n�

$�������	%������&������
�

����"������'���

E

[(

V

k

)]

= Sk, k = 0, 1, . . . , n.

)*)L�

+2=:20:>>6=:>
)*)J�=9724545:>Xi ≤ (t), i = 1, . . . , n 43409.V4
=84�(FV4240,4X9X4�

G/FV

F (t) = P (X ≤ t) = P (min(X1, . . . , Xn) ≤ t) = P (A1 ∪ . . . ∪ An).

)*)O�

�-4
2E55:D/806215D42Y8.1.=�,4X4>45BW=:>:21,,-B42A2934=45�

Fi1,...,ik(t) = P (Xi1 ≤ t, . . . , Xik ≤ t), 1 ≤ i1 < . . . < ik ≤ n

)*)N�

Sk(t) =
∑

1≤i1<...<ik≤n

Fi1...ik(t), k = 1, . . . , n.

)*)��

N



�B42A2934==4298X9.V43:>:21,,-4FV4.2E39F�

F (t) =
n
∑

k=1

(−1)k−1Sk(t),

)*)I�

5/X1,,1�:>
)*I�D/8062:3>48-.5:>:21,,-4FV4.2E39F-3�

E(X) =

∞
∫

0

[1 − F (t)]dt =

∞
∫

0

[

1 −
n
∑

k=0

(−1)kSk(t)

]

dt.

)*);�

+>
)*)N��
)*)��=97245G4>G:3/.2C:.9854204>>W=:>

F i1,...,ik(t) = P (Xi1 > t1, . . . , Xik > t), 1 ≤ i1 < . . . < ik ≤ n

)*<��

Sk(t) =
∑

1≤i1<...<ik≤n

F i1,...,ik(t), k = 1, . . . , n.

)*<)�

DWFFX9.V4=45* �>4=34FY539F9X42D42Y8G:5B6=:718G6>:0/384.?3>480@=A?93--?4B9.4=

X18G:5C9859=95*�4..122:>�G/FV

1 − G(t) = P (Y > t) = P (max(X1, . . . , Xn) > t)

= P (A1 ∪ . . . ∪ An)

=
n
∑

k=1

(−1)k−1P (Ai−1 ∩ . . . ∩ Aik)

=
n
∑

k=1

(−1)k−1Sk(t).


)*<<�

�..4.74?-F:>5=:7B6=�G/FV

E(Y ) =

∞
∫

0

[1 − G(t)]dt =

∞
∫

0

n
∑

k=1

(−1)k−1Sk(t)dt.

)*<J�

�4FB4FV4>>W
=09F�G/FVG::>
)*)<�93
)*)J�D/80621,:.3>48472E04.V.V-39F4=4.


,-./0-12-30/04.560/=/.�=YXW2,4X4>45BW=09F:>

Sk =
∑

1≤i1<...<ik≤n

P
(

Ai1 ∩ . . . ∩ Aik

)

k = 1, . . . , n

)*<L�

�



04..V-39F4=45�:==/898X9.V43:>:21,,-A33>4DWFF93

Sk =

(

n

k

)

+
k
∑

i=1

(

n − i

k − i

)

(−1)iSi, k = 1, . . . , n.

)*<O�

�FV:.4>.V-2X1.98X9.V,4.0:8:?:==/8-3�G:Sk

G42V9,4Sk
3>-0,C260/593Sk

G42V9,4:>Sk
3>-0,C260/5G42V45543Y5BW=*�FV:.-3:>
)*<O�D/806215:2=:20:>G:5B6=:>

A1, . . . , An
43409.V4=84-3*

+>
)*);�93:>
)*<J�=972454=.4=423E3/8,:.42X-�0-.5340FV:=/82:5-B424.5E39FW=
X:.*�FV:.-3�G:n .:FV3>10�:

==/8�:>S1(t), . . . , Sn(t)
93

:> S1(t), . . . , Sn(t)
,-./0-123 0/04.560/==A>W2 �3671.:> :2:�3/.V -.?4�@4=

3>10Y5G:5C==-* �/.5/354G15�G/FV:E(X)
93E(Y ) X18

G:5C9859=4=84:FV:=/82:5H
,:.G:3>.12G:5C:23C93D423E=/8215/=:5?/2F/>>6.==-�042V4=,4.:>42E,,402Y5455
,-./0-12-30/04.560/==A>W2�3671.:>:2:�3/.V-.?4�@4=D/8?62.:=42E*

I
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�42A2B4V :>A1, A2, . . . , An
43409.V4==A>W2,4=AX45=4>E43409.V4=3>1015*�4FV4H

.4=A1, . . . , An

5453>E24F4343409.V4=4FV5453>E24F4343409.V598,4.�9324FV4.4=Sk�Sk�

k = 1, . . . , n :>

)*)J�93:>
)*<L�=972454==42:?/5504..V-39F4=*M4>433W=09F,4:

vi = P (V = i), i = 0, 1, . . . , n

)*<N�

B42A2935*+>)*)*595423>48-.5D4..122.:=:>:21,,-4FV4.2E39F4=

:G/2S0 = 1

��
n
∑

i=0

(

i

k

)

vi = Sk, k = 0, 1, . . . , n.

)*<��

+>
)*<��4FV4.2E39F4=45:v0, v1, . . . , vn
3>10/=8:.9>X44FV4.24584.?3>48.4=54=-.5G45H

BW=�042V.4=0158-�::>:21,,-�

























































1 1 1 1 . . . 1

1 2 3 . . . n

1
(

3
2

)

. . .
(

n

2

)

1 . . .
(

n

3

)

*** ***

1

























































,

)*<I�

:G/2:DE?-:F/.12-3:2:55>98C=122.:=*+>
)*<I�0158-�.403>-.F6218-3�-.X48>4
2?*72*
�-/8?:.);NI�:>:21,,-�

;



























































1 −1 1 −1 . . . (−1)n+1

1 −2 3 . . . (−1)nn

1 −(3
2
) . . . (−1)n−1

(

n

2

)

1 . . . (−1)n−2
(

n

3

)

*** ***

1

























































.

)*<;�

+>
)*<��4FV4.24584.?3>48,E254G15v0, v1, . . . , vn
04FG:518/>G:5C=�484?09.VW2:>5

=:7B6=�G/FV

vi =

n
∑

i=0

(−1)k−1

(

k

i

)

Sk, i = 0, 1, . . . , n.

)*J��

�V-2X1.X:2C�G/FVD4..122:

P (V ≥ 1) = v1 + . . . + vn


)*J)�

4FV4.2E39F*

�4FVW=0/35D42�G/FV:>Sk, k = 0, 1, . . . , n
,-./0-12-30/04.560/==A>W2�3671.

:>Sk, k ≤ m
9859=4=-304854=* �==/8:>
)*<��4FV4.2E39F84.?3>48,E2 �3:=:>

:21,,-:=:504F5:85X:�

n
∑

i=0

(

i

k

)

vi = Sk, k = 0, 1, . . . , m,

vi ≥ 0, i = 0, 1, . . . , n

:.40.4F:5YX-513-D42595424=4542EY8X:�:>
)*J)�4FV4.2E39FB/,,/2?:21.122CA33>4F45
74?-F0-.-0:2->12X:�-2245X40:�-0:2->12X:�=952-.418-378/F8:0/>13-D42:?:5/5=:76.=*

)�



�>4=/75-0609859=4-:P (V ≥ 1)X:
2C3>Y.@39F84X/.:5=/>C2:F:23C-2245X4D423E=/8215/=:5

3>/2F125:5.:=*�4=-.53W=54G15:>:21,,-2-.418-378/F8:0/>13-D42:?:5/=:5�

min(max)
n
∑

i=1

vi

D4259X4�G/FV

n
∑

i=1

(

i

k

)

vi = Sk, k = 0, 1, . . . , m

vi ≥ 0, i = 0, 1, . . . , n.


)*J<�

+>
)*J<�D42:?:5/=,:.v0, v1, . . . , vn

?A.593-X125/>C=*
:vmin�
-2245X4vmax

B424.5-=

4>4.D42:?:5/=/75-0609859=4-5�:==/854G15D4..122:>�G/FV

vmin ≤ P (V ≥ 1) ≤ vmax.

)*JJ�

�>4.5K204.E4.:>5-3122Y5G:5B6=�934>:D4.5-04FD/F:20:>13,C2.VY2X1.X:2C�G/FV:>

)*JJ�:23C93D423E=/8215/=92434=�X:FV-3�3671.:>Sk�k ≤ m

,-./0-12-30/04.560/=8:
510:3>=/?X:.40:?G:5C=B/,,=/8215/=*

+> 
)*J<� D42:?:5/=042245504FD/F:20:>6.=09F4FV013-=D42:?:57185�042V
:>
)*J<�H5E2:,,:.=W2A.,A>-=�G/FV.403>484742,4..W=S0

3/8:93v0
/3>2/7:* +>

KBD42:?:571854G15:>:21,,-�

min(max)
n
∑

i=1

vi

D4259X4�G/FV

n
∑

i=1

(

i

k

)

vi = Sk, k = 1, . . . , m,

vi ≥ 0, i = 1, . . . , n.


)*JL�

�42A2B9=Vmin
93Vmax
:>
)*JL�D42:?:5/=/75-0609859=95* �A..V@,4215.-G/FV

))



:>
)*JL�0-.-060D42:?:5/75-0609859=404F4FV4>-=:>
)*J<�0-.-060D42:?:5/75-H
0609859=9X42�X:FV-3Vmin = vmin*

�FV:.-3:>
)*JL�D42:?:504F4.F4?45504F/2?13:-
=A>A55v1, . . . , vn

X:2C?-9859=4--3G42V45D/F2:2.:=93YFV:>/75-0609859=.40.:FV/,,

)H.92*

�13
D42E2:>
)*JL�D42:?:50-.?4./2V:.04F4.F4?45504F/2?13:�042V84v1+. . .+vn ≤

1,
=A2�3A.A34.934FV985420@4.04FD4242545G45E:>
)*J<�D42:?:5v0 = 1 − v1 − . . . −

vn, v1, . . . , vn
04F4.F4?45504F/2?131.:=93:04FD4242E04F4.F4?45504F/2?13/=/.:

�92DWFFX9.V9859=4=4FV4.2E=*

+0:�-060D42:?:5/=/75-0609859=4-.40D4259524.W24FV4.2E=* +>
)*JL�0:�-H
060D42:?:5/75-0609859=46FV:.-324G45)H.92.:FV/,,-3*�4..122:>/.,:.:

vmax = min(Vmax, 1)

)*JO�

4FV4.2E39F* �FV:.-3:>
)*J<�D42:?:5/5/2V0C?/.-304FD/F:20:>G:5B6=�G/FV:>5
:D42595425�042V,4.v0

3>484742�:v1 + . . . , +vn ≤ 1
D42595422427C5/2B6=�9342G:FVB6=

:v0 ≥ 0 .40.4F:5YX-513-
=AX454209.V5-3* �==/8:>/.,:.:D42595424==A>A55G42V45

D/F2:24FV/2V:.-3�042V:�92DWFFX9.V84X/.:5=/>C2:FY842ED423E=/8215/5
5-*:>5�G/FV
v1 + . . . + vn ≤ 1)* �

2V4.4345,4.:�92DWFFX9.V84X/.:5=/>C=/8215/>C4FV4.2E524.39F

42G:FVG:5C�X-3>/.5:>YFV=:7/55/75-0609859=93:�92DWFX9.V=/8215B1.:=:0:�-060:

3>/2F125:5B::=YX1.5/75-0609859=45�4345W.=,4.:>
)*J<�0:�-060D42:?:5/75-060
9859=95*�>>42:>
)*JO�4FV4.2E39F45,421556=*�8?404309FD42Y8.-:>
)*JL�D42:?:5/=
?612-3:-5*+>
)*JL�0-.-060D42:?:5?612-3::>:21,,-�

Max
m
∑

k=1

Skxk

D4259X4�G/FV

m
∑

k=1

(

i

k

)

xk ≤ 1, i = 1, . . . , n.


)*JN�

)<



+>
)*JL�0:�-060D42:?:5?612-3:74?-F=AX45=4>E

Min
m
∑

k=1

Skyk

D4259X4�G/FV

m
∑

k=1

(

i

k

)

yk ≥ 1, i = 1, . . . , n.


)*J��

+,-./0-12-30/04.56078/,29015�89=/7:
);II�D/F:20:>5:04F93X->3F125:24FD/.H
5/3:,,562:B?/.31F:-5* �?/2F/>:5,:.04F5:212G:5C:?612-3D42:?:5/=-.54878451�-CB:
-3*+>
)*JN�93:>
)*J��D42:?:5/=,:.:X125/>C=.-.�34.4=.40.4F:5YX-513-D4259542242
=/8215/>X:*�4=-.53W=:>125:21./32-.418-378/F8:0/>13-D42:?:5/5�

min(max)cTx

D4259X4G/FV

Ax = b,x ≥ 0,


)*JI�

:G/2A m×nH430158-��c,x n�
=/07/.4.3@�b mH

=/07/.4.3KX4=5/8�m ≤ n*�4
25433>W=�

G/FVA 8:.FB:mH04
24FV4.2E*	4X4>45BW=09F:>

A = (a1, . . . , an), b = (b1, . . . , bm)T

x = (x1, . . . , xn)T , c = (c1, . . . , cn)T

B42A2934=45*

��������Ta#���

�{ai, i ∈ I}� |I| = m ��
���#���"���#"�
�

&�����������

���#
��


���	%����������
�{a1, . . . , an}
�����#��������"���


����	���$���"�����������


B = (ai, i ∈ I)


��#"�#
"�

��


�

��%
��
��
�

����
��������#��
�
����

��'"��������##���	�����������
������

)J



��P�����Ta#��$B
���"��
�����������������������

BxB = b �����

���xB

���

������#
��
�	����
�xB ≥ 0 �����

�'���������
xB

"������
����������"����


���#

���"���
������#������������'�������������#����

��(�����Ta#��$����"���%��
���������������������

"�"
%

�

�"
%


�&��
�
�

�#
�������
��

�	����
������

cT
BB−1ai ≤ (≥)ci, i = 1, . . . , n.


)*J;�

�
i ∈ I�

���#
�

������������'���������	������

"�
������
�i �������
�

��#�i ∈ I�


�
��#����������
�'������	���������������


���#

���"��%����
�������#������������'

��������%���������#����

+2-.418-378/F8:0/>133:2=:7�3/2:5/324FD/.5/3:,,-3048454=45-2245E4.G-X:5=/>6.=

�89=/7:
);NI�);�O�=A.VX984�-22454X4
);;N��-==984*
+5/X1,,-:=,:..9G1.V-30485595425402Y5W.=04F* +>423EGA>3>W=39FW.=X:.

:>
)*JI�D42:?:5?612-318:�
max(min)bT y

D4259X4G/FV

ATy ≤ (≥)c.


)*L��

��P�������$�������&��

�

�
������

����
�������
"�
��

�
���
��#�����

���������
�"���#	�
	�
"�


��

�

�

�������"

�

��
��

�

�y ��

���#���

�

�

�

���


��

�
����


�������
"�

�


�
��

yTB = cT
B
������������
��

�
B 
�

������&��

�

�
�%��
����������

���"�
�
$��������"�
�#��"��������
�

��
"
�����#���������������'�

��(���������������� "�����
����
���#����


��������$�������
��#"�
"�������
�


"��#

�������������#�������#
"����


��
������

&'�"
����

�"��
�
���

���#&������

"�����"������
������

�����"����

�59542D42G:3>.12131X:2�89=/7:
);II�,4,->/.VY5/55::>:21,,-595425�

)L



��U�������������&�������
�
������&��


�

�
�

������&��

�

���
�#


�


�	
��
���#


����"��%��
����������

���#��	�


�


���#��
���

���
"�

�

I
"�����


�

�

�

����"

���%�


m�
�#�� m�

�#
�
�

�

�"�&��

�

� i, i + 1, . . . , j, j + 1 i, i + 1, . . . , j, j + 1, n

�
�
&��

�

� 1, i, i + 1, . . . , j, j + 1, n 1, i, i + 1, . . . , j, j + 1.

+>)*L*6.* ?61204F4.F4?455,1>-33586=5K8:59542 -F4.D/.5/3:>
)*JL�D42:?:5
:2F/8-50-=6304F/2?13:3>407/.5B1,C2*

+D42:?:5/56FV:.-3:?6120C?3>4834FY539F9X42=A..V4.04F56?B6=/2?:.-*�,,4.
=95-F4.D/.5/34FV3>48@3Y593-24G45E39F12284.?42=4>93W.=84�
)�-.?62C?61204F4.F4?455
,1>-354FV3>48@4.56?6.=.V48.-�.40=422013554..W.=�0-.5:<*J59542.4=04FD4242E

3586=5K81BK-.?4�G:20:>593:G/>>15:85/>CX4=5/8/=:5=-X12:3>5:.-�
<*�G:X:2:042V
29793,4.:,1>-3,C2=-04.EX4=5/8504FG:518/>56=�:==/8:,1>-3,:,4BAXEX4=5/84FV98H
5420@4.:?/55:>125:2�G/FV:..:=-.?4�4:<*J595423>48-.5-3586=5K815=422�G/FVG42VH
84122Y53:*�..4=:2:7B1.:>
)*JL�D42:?:504F/2?1318:X/.:5=/>C?612:2F/8-50635:>
:21,,-:=,:.A33>4F4>G45BW=*

)*M12:3>56.=4FV	�:<*J59542.4=04FD4242E-.?62C�?61204F4.F4?455,1>-35*

<*�224.E8->>W=�G/FVD4..122H4:B−1b ≥ 0 84
21�-C*
:-F4.�04.BW.=:L* 2979384*


:.40�:==/8X12:3>56.=4FV/2V:.j -.
?4�45�042V84(B−1b)j < 0

9304.BW.=:
J*2979384*

J*�1X/2Y536=42:,1>-3,C2:	0158-�jH4
?-=X4=5/815�3G42V4554X/.B6=,4:>5:

X4=5/85�:042V:?61204F4.F4?455,1>-33586=5K815G42V84122Y5B:*

L*�5/7�B /75-01
2-3,1>-3*

+>:21,,-:=,:.,4,->/.VY56.=4FVD/.5/3595425�042V.4=4FVFV4.F9,,X125/>:5:

3>484742	/8/393�89=/7:
);;���-==9,4.*
���������������	��p1, . . . ,ps 
�

������&��

�

�
������

����
�������
"�
������

���"���#����	�
	�
"����
�"�����
��


�

�
�

#
����

��#��&�����������'���������
�����
#���'��������	���(p1, . . . ,ps) �


�

���

)O



�
x ∈ 	���(p1, . . . ,ps)�

���#��
�������"


���#������'	��!������"�����'	���������
�'�'����������

|x1| ≥ |x2| ≥ . . . |xm|.

)*L)�

�"����������24F4.?E:>122Y5135:04F4.F4?45504F/2?13/==/.X4�7/2-9?489.4=�3K�H
3:-.,4,->/.VY5:.-�6FV:.-3:�/.X(p1, . . . ,ps)

G:20:>0-.?4.4FV9,X4=5/8::�3K�3/=

=/.X4�=/0,-.1�-CB:=9.512242E* �4FV4.x
�3K�3::04F4.F4?45504F/2?13/=G:20:H

>1.:=*�==/8:<*)595423>48-.5x04F/
2?13::>

xT B = cT
B = (1, . . . , 1)T


)*L<�

4FV4.245.4=�X:2:042VB
?61204F4.F4?45504F/2?1343459.*�..4.:>:?C?-=�G/FV

xT = cT
BB−1*�>:X4=5/8X-3>/.542ED/8?62:>











1 cT
B

0 B











−1

=











1 −cT
BB−1

0 B−1












)*LJ�

0158-�:23C3/81,:.*+>










1 cT
B

0 B











0158-�-.X48>9.4=423E3/815=974>X4/2V:.0-./8/=:5=422:2548.12C42EB4224242215.-�04H
2V4=:<*<595423>48-.57/>-5YX:=* �,,E2=AX45=4>-=�G/FV:>(1,−cT

BB−1) 3/8X4
=5/8

=/07/.4.34--3:2548.12C42EB42@4=�:+ B4
2242=4>?E?E4.*

�

+>
)*L)�8421�-CG:3/.2C:.,->/.VY5G:5C�0-.5	/8/393�89=/7:
);I;��-==9,4.
:04FD4242E122Y513* +,-./0-12-30/04.56078/,290:4FV013-=X125/>:5:24G45E39F45

.VKB5:88:X/.:5=/>C2:F�G/FV24F:21,,r 43409.V
,4=AX45=4>939.4=:X:2C3>-.@39F984

:?B6.=:23C93D423E=/8215/=:5*�==/8:>
)*JL�D42:?:5/=G42V455:>:21,,-:=:5D/F:2H

)N



0:>>6=04F�

min(max)
n
∑

i=r

vi

D4259X4�G/FV

n
∑

i=0

(

i

k

)

vi = Sk, k = 0, 1, . . . , m.


)*LL�


:v(r)
min

93v(r)
max
B424.5-=:>
)*JL�D42:?:5/=/75-0609859=4-5�:==/8D4..12.:=:>:21,,-

4FV4.2E524.39F4=�

v
(r)
min ≤ P (V ≥ r) ≤ v(r)

max


)*LO�

M4FVW=93>84�G/FV0/3504F5:85/556=:>S0
HG/>5:85/>C3/8593:v0

HG/>5:85/>C/3>2/7/5

:D42:?:5,:.*+F/.?/2:504.45�:042V45:2=:20:>56.=:==/8�:0-=/8:>
)*J<�D42:?:5/5
:>
)*JL�D42:?:58:84?6=1256=�0/35.40:2=:20:>G:5C*
::>
)*LJ�D42:?:5/5:>
)*JI�
:2:=,:Y8B6=�:==/8:>A0158-�(m + 1) × (n + 1)H43�:>x 93:c

X4=5/8/=n + 1
=/07/.4.3@4=�b74

?-Fm+1
=/07/.4.3@X4=5/8*+cX4

=5/8(0, . . . , 0, 1, . . . , 1)T :2:=K�
:G/2:>98C=3>10:r*+>YFV.V485

D42:?:53>106.=8::>r = n 4345
,4.243>D/.5/3*�884

X/.:5=/>C2:FD4..122:>:21,,-?61204F4.F4?455,1>-33586=5K8:59542*

��b���������#����
����
��$B

���"��%��
����������

���#��	�


�


���#��



���"�

�����#
"�

�

I
"�����


�

�
(|I| = m + 1) 
�

����"��#%��
#���


�


�
��"�����
#���"

�
�

m + 1�
�#�� m + 1�

�#
�
�

�

�"�&��

�

� I ⊂ {0, . . . , n − 1} I ⊂ {0, . . . , n − 1}

i, i + 1, . . . , j, j + 1, n − 1, n 0, i, i + 1, . . . , j, j + 1, , n − 1, n
�
�
&��

�

� 0, i, i + 1, . . . , j, j + 1, n i, i + 1, . . . , j, j + 1, n.

+>I ⊂ {0, . . . , n−1} 43454
=,4.:58-X-12-3�0:

23C=/8215:?C?-=*�>:>5B424.5-�G/FV:
D42:?:504F/2?13:=/8�923>48@/2V:.-.?62C,1>-35X12:3>5:.-�042V84I 6⊂ {0, . . . , n − 1}*

+>:2F/8-50633/81.:>an
X4=5/85,4..5:85B6=:,1>-3,:.�:04??-F24G45*
::>an

X4=5/85.4024G45018:,1>-3,:.5:85:.-�:==/8:>KB,1>-304F/2?13/.:�92DWFFX9.V9859=

0�
?44FV�-=2->1213542=48W2E0C?3>488425/X1,,G:2:?X:�an

434524FX-33>:598G4593:>

/75-0609859=7/>-5YX24G45*

)�
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����������������
���

+>)* 3>:=:3>,:.,4X4>455W=:>4FV43=/07/.4.34=92455:85:018::>X1, . . . , Xn�
5/X1,,1:>{Xi ≤ t}, i = 1, . . . , n 43409.V4

=84:>Ai, i = 1, . . . , n
B42A2934=45*+3/8/3

84.?3>4892455:85:018::>
�:718G6>:0/384.?3>4892455:85:018:74?-F:>Y B4
2A2935

:2=:20:>>6=*�==/8

X = min(X1, . . . , Xn)

Y = max(Y1, . . . , Yn),

�X:2C3>Y.@39F-X125/>C=42/3>213DWFFX9.V984=/81,,:.:>F (t)�
-2245X4:G(t)

B42A2935

X4>455W=,4�

F (t) = P (X ≤ t)

G(t) = P (Y ≤ t).

	4X4>45BW=09F:>

F̄ (t) = 1 − F (t)

Ḡ(t) = 1 − G(t)
B42A2934=45-3*

�>4=:2:7B1.D42Y8G:5B6=�G/FV

F̄ (t) = 1 − F (t) = 1 − P (A1 ∪ · · · ∪ An) = P (Ā1 ∩ · · · ∩ Ān),

)*LN�

Ḡ(t) = 1 − G(t) = 1 − P (A1 ∩ · · · ∩ An) = P (Ā1 ∪ · · · ∪ Ān).

)*L��

+>A1, . . . An
43409.V4=-3:t X1

25/>CDWFFX9.V4-�104..4=D425W.5459395E24254=-.H
5W.=*+,-./0-12-30/04.560/=tH5E

2X:2CDWFF9395:5/X1,,-:=,:.D425W.545BW=93Sk, S̄k

G42V455:>Sk(t), S̄k(t)
B42A2934=45:2=:20:>>6=*

�-.
?:3/8/3�0-.?:718G6>:0/384.?3>484=43459,4.=95D42:?:57185D/F:20:>G:56.=

04F:..:=:X:2C3>Y.@39F.4=:=/8215/>1318:�G/FV:84.?3>485K292B4:5-?E7/.5/5*�4H
=-.53W=42E,,:3/8/384.?3>485*+>
)*LN�=972453>48-.5:>F̄ (t)X:

2C3>-.@39F=/8215:-.:=

04FG:518/>1318::P (A1 ∪ · · · ∪ An)�X:FV:P (Ā1 ∩ · · · ∩ Ān) X:
2C3>Y.@39F=/8215:-5

=42204FG:518/>.6.=* +P (A1 ∪ · · · ∪ An) X:
2C3>-.@39F9243:23C93D423E=/8215B1.:=

)I



04FG:518/>1318:04FD/F:20:>>6=:

min(max)
n
∑

i=1

vi

D4259X4�G/FV

n
∑

i=1

(

i

k

)

vi = Sk(t), k = 1, . . . , m

vi ≥ 0, i = 1, . . . , n


)*LI�

2-.418-378/F8:0/>13-D42:?:5/=:5*

�>4=/75-0609859=984,4X4>45BW=:Vmin(t)
93:Vmax(t)

B42A2934=45*�==/8D4..122.:=

:>:21,,-8421�-C=�

Vmin(t) ≤ P (A1 ∪ · · · ∪ An) = 1 − F̄ (t) ≤ Min(Vmax(t), 1)

)*L;�

Max(1 − Vmax(t), 0) ≤ F̄ (t) ≤ 1 − Vmin(t).

)*O��

+>
)*O��8421�-C,C2-.54F81213651.:>5=:7B6=�G/FV
∫ ∞

0

[1 − Vmax(t)]+dt ≤

∫ ∞

0

F̄ (t)dt = E(X) ≤

∫ ∞

0

(1 − Vmin(t))dt,

)*O)�

:G/2[x]+ = x,
G:x ≥ 0

93[x]+ = 0 �
G:x < 0*+3/8/384.

?3>480@=A?93--?4B4X18G:5C

9859=9.4=,4�3293984D42G:3>.12G:5B6=:>F̄ (t) = P (Ā1 ∩ · · · ∩ Ān) 4FV4.
2E39F45-3*�==/8

:>:21,,-D42:?:5/5D/F:20:>>6=04F�

min(max)vn

D4259X4�G/FV

n
∑

i=0

(

i

k

)

vi = S̄k(t), k = 0, 1, . . . , m

vi ≥ 0, i = 0, 1, . . . , n.


)*O<�
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:4..4=/75-0609859=4-5v(n)
min(t)
93v(n)

max(t)
B42A2-=�:==/8D4..122.:=:>:21,,-8421�-C=�

v
(n)
min(t) ≤ P (Ā1 ∩ · · · ∩ Ān) = F̄ (t) ≤ v(n)

max(t)

)*OJ�

∫ ∞

0

v
(n)
min(t)dt ≤

∫ ∞

0

F̄ (t)dt = E(X) =

∫ ∞

0

v(n)
max(t)dt.
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:3/.2C=9774.B186.=42:718G6>:0/384.?3>4843459,4.*
::

Ḡ(t) = P (Ā1 ∪ · · · ∪ Ān) 4FV4.
2E39F,E2-.?626.==-�:==/8Ḡ(t) :

23C93D423E
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min(max)
n
∑

i=1

vi

D4259X4�G/FV

n
∑

i=1

(

i

k

)

vi = S̄k(t), k = 1, . . . , m

vi ≥ 0, i = 1, . . . , n.
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+>/75-0609859=4=45:Vmin(t), Vmax(t)
3>-0,C260/==:2B42A2X4�D4..122.:=:>:21,,-

4FV4.2E524.39F4=�

Vmin(t) ≤ Ḡ(t) ≤ Min(Vmax(t), 1)

)*ON�

∫ ∞

0

Vmin(t)dt ≤

∫ ∞

0

Ḡ(t)dt = E(Y ) ≤

∫ ∞

0

min{Vmax(t), 1}dt.

)*O��


:X-3>/.5:Ḡ(t) = 1−P (A1 ∩ · · · ∩An) 4FV4.
2E39F,E2-.?626.==-�:==/8:>:21,,-��

3>/2F125:5B::=/8215/=:5�

min(max)vn

D4259X4�G/FV

n
∑

i=0

(

i

k

)

vi = Sk(t), k = 0, 1, . . . , n

vi ≥ 0, i = 0, 1, . . . , n.
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:v
(n)
min(t)
93v(n)

max(t)
B42A2-=:>/75-0609859=45�:==/8D4..122.:=:>:21,,-4FV4.2E5H

24.39F4=�

v
(n)
min(t) ≤ P (A1 ∪ · · · ∪ An) = 1 − Ḡ(t) ≤ v(n)

max(t)

)*O;�

1 − v(n)
max(t) ≤ Ḡ(t) ≤ 1 − v

(n)
min(t).
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+>:21,,-4FV4.2E524.39F,E2-.54F812133:2.V48BW=:0@=A?93--?EX18G:5C9859=984X/.:5H
=/>C=/8215/=:5�

∞
∫

0

(1 − v(n)
max(t))dt ≤

∞
∫

0

Ḡ(t)dt = E(Y ) ≤

∞
∫

0

(1 − v
(n)
min(t))dt.
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E(X) =
∞
∫

0

F̄ (t)dt

E(Y ) =
∞
∫

0

Ḡ(t)dt
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)*LI��:718H
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)*O)��:718G6>:0/384.?3H
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BB−1b ≤ cT xopt

(cT
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:G/2xopt
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)*OO�D42:?:5/=,:.:>:?/55?61204F4.F4?455B ,1H
>-3G/>5:85/>C�92DWFFX9.V9859=45�

cT
BB−1S(t), cT

BB−1S̄(t),

)*NJ�

:G/2
cT

B = (1, . . . , 1)T , S(t) = (S1(t), . . . , Sm(t)), S̄(t) = (S̄1(t), . . . , S̄m(t))
93:>YFV
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)*OL�D/80621=8:510:3>=/?X::2=/5B6=04F:=/8215/=:5�:==/8:>5
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)*JI�2-.418-378/F8:0/>13-D42:?:5,:.3>48472Eb X4=5/8/=54895�54G15:>Rm

54845D4259542598.4=.4X4>>W=*+>x X4
=5/8/=IRn 5489.4=74?-F04F/2?13598:.4X4*

+>
)*JI�D42:?:5/5:>
)*LI��X:FV
)*O<�D42:?:58:D/FB6=374�-:2->12.-�0-?E.t 8AFH
>Y54557/>-5YX3>10*

�-.
?:>
)*LI��0-.?:>)*O<�D42:?:5/=,1>-3:-?612.40H?4F4.48125:=*
:4FV,1>-3

?61204F4.F4?455�:==/8:GG/>�G/FV/75-012-324FV4.�78-01204F4.F4?455.4=-3=422

24..-4*
:B 4FV
?61204F4.F4?455,1>-3�:==/8:,1>-3/75-0:2-5131.:=3>W=39F4393

424F4.?ED42595424:B−1b ≥ 0
4FV4.2E39F*

�/8/2B6=D42=97>4245,4.:?61204F4.F4?455,1>-3/=:5�B1, . . . , Br*�
-.5G/FV0-.?H

4FV-=?612.40H?4F4.48125�:

B−1
1 b ≥ 0, . . . , B−1

r b ≥ 0

)*NL�

8421�-C==A>A3,423E7/.5.92=W27/2-4?8-=63=K7/=8:/3>5B1=D42:

{b | Ax = b,x ≥ 0}

)*NO�

7/2-4?8-=63=K7/5* +>
)*NO�G:20:>:>/=.:=:b X4=5/8/=.:=:G:20:>:�042V4=84
:>
)*JI�D42:?:5.:=X:.04F4.F4?45504F/2?13:*+>
)*NO�G:20:>D4.5402Y54555Y763K
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)*JI���
042V:>
)*LI�93:>
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X:2:042V-=95B424.5-�84.?42=4>-=04F4.F4?45504F/2?133:293X9F43/75-0600:2
04FH
4.F4?45504F/2?13:>985X:.�0485:b X4

=5/8559.V24F434.2954>EX:2C3>Y.@39F-X125/H
>C==:2=:7�3/2:5/343409.V4=,E23>10Y5B6=�X9F43/75-060:74?-F:>985X:.�0485:
04F4.F4?45504F/2?13/=G:20:>:=/8215/3�93:,1>-3/=?612.40H?4F4.48125:=*
M4>433W=,4b

G42V455:b(t)
B42A2935* �FV8AF>Y5455t 43459.:

D42/3>5C7/2-4?8-=63
=K7/=G:5187/.5B:-5C24254=-.5X4��3:=4FV542B43W2:>
)*NL�4FV4.2E524.39F4==A>W2*
:
4>:B−1

i b(t) ≥ 0
4FV4.2E524.39F�:==/8:>/75-0609859=:>:?/55t 43459.�4FV4.

2E:

cT
BB−1

i b(t)

)*NN�

9859==42*
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:04F:=:8B6==:7.-:>
)*L;�H
)*O)�8421�-C=,:.3>48472EVmin(t)
93Vmax(t)

9859=4H
=450-.?4.t ≥ 0 3>108:�:

==/84884=9524G45E39F:?C?-=�4>4=:=AX45=4>E=*

�*�423/8/2B6=:B1, . . . , Br

?61204F4.F4?455,1>-3/=:5930-.?4FV-=Bi
43459,4.

04FG:518/>>6=:t 9859
=4=.4=:>5:>-.548X:226015�:042V84542B43W2:>�G/FV

B−1
i b(t) ≥ 0, t ∈ Ji.


)*N��

+Ji, i = 1, . . . , r
-.548X:2260/=4FV43Y59344FV4.2E:{t|t ≥ 0}

G:20:>>:2�=A>W2W=

,18042V=455E.4=24FD42B4,,�3:=:G:5187/.5B:-24G45.4==A>A34=*

��*+t X1
25/>C5.AX42BW=0H5C

2
∞H
-F93=A>,4.84F-3>5812B6=�G/FV042V,1>-3/=8:

542B43W2:78-01204F4.F4?45539F*�/35-36FV:.4>4
=45:Ji,

i = 1, . . . , r
-.548X:2260/=:5=:7B6=�24FD42B4,,0133/884.?,4.*


:B1, . . . , Br
:>
)*LI�D42:?:58:374�-:2->125
)*JI�0-.-060D42:?:5?61204F4.F4H

?455,1>-3:-�:==/8:>
)*O)�4FV4.2E524.39F,4.3>48472EB/,,/2?:2--.54F8128::>5=:7B6=�
G/FV

∞
∫

0

(1 − Vmin(t))dt =

r
∑

i=1

∫

Ji

(1 − cT
Bi

B−1
i b(t))dt.


)*NI�


:X-3>/.5B1, . . . , Br
:0:�-060D42:?:5?61204F4.F4?455,1>-3:-�:==/8:

∞
∫

0

[1 − Vmax(t)]+dt =

r
∑

i=1

∫

Ji

Max(1 − cT
Bi

B−1
i b(t), 0)dt


)*N;�

8421�-C:?C?-=*�42B4339F=4?X9985D42Y8B6=:>
)*O)�4FV4.2E524.39FB/,,93,:2/2?:21.
122C-.54F812/=:5-3-2V4.:2:=,:.*


:B1, . . . , Br
:>
)*LI�D42:?:58:374�-:2->125
)*JI�0-.-060D42:?:5?61204F4.F4H

?455,1>-3:-�:==/8:>5=:7B6=�G/FV

∞
∫

0

(1 − Vmin(t))dt =
r
∑

i=1

∫

Ji

(1 − cT
Bi

B−1
i b(t))dt.


)*���

�FV:.YFV�G::,1>-3/=:0:�-060D42:?:543459,4.?61204F4.F4?4554=�:==/8:

∞
∫

0

[1 − Vmax(t)]+dt =
r
∑

i=1

∫

Ji

(1 − cT
Bi

B−1
i b(t), 0)dt
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8421�-C:?C?-=*
:X:2:042VJi

-.548X:2260?4F4.48125�X:FV-34FV7/.58:>36F/8/?-=�
:==/8:>4>4.X455-.54F8120�4>:>

-.54F812:>A33>4F,E242G:FVG:5C*�42X45E?-=:=98?93�
G/FV3/=�X:FV=4X93Ji

-.548X:226004FB424.939843>10Y5G:56.=H4:D4.5-A33>4F4=,4.�

�2263>581�-C=9.54FV4FV3>48@79?15X43>W.=�042V,4.X:2:04..V-?61204F4.F4?455,1>-3

42ED/8?62:>A33>4F,4.*�4FVW=D42�G/FVX1, . . . , Xn
4�7/.4.�-12-342/3>213K:=�λ = 1

7:8:095488429324FV4.n = 2*�
==/8

S1(t) = n(1 − e−t), S2(t) =

(

n

2

)

(1 − e−t)2.

)*�<�

+>
)*LI�0-.-060D42:?:5?61204F4.F4?455,1>-3:-

Bi = (ai, ai+1), i = 1, . . . , n − 1.

)*�J�

+0:�-060D42:?:5.:=4FV4524.?61204F4.F4?455,1>-3:X:.�

B = (a1, an)

)*�L�
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c0, c1, . . . , cn

��#��
��

�


����"m + 1�

#���!��������"��#��	"�	
���
����

O<



�"���������
:i > 0�:
==/8:
<*)O�8421�-C65/23C3/81,C224/2X:3G:5C�G/FV∆m+1ci <

0.
:X
-3>/.5i = 0, :

==/8:
<*)N�93:>(1 − c)/c > 1 84
21�-C,C2=AX45=4>-=�G/FV

∆m+1ci = cn
[

1 −
(

1−c
c

)m+1
]

< 0.

<*)��

�

�4FB4FV>93�
:c > 1
2
�:==/8:>i > 0 4345

,4.∆m+1ci
7/>-5YX�-2245X4.4F:5YX�:3>48-.5�

G/FVm + 1 718:5
2:.�X:FV718/3*+>i = 0 43459

,4.:>/.,:.∆m+1ci > 0,
DWFF4524.W2

:55C2�G/FVm + 1 718:5
2:.�X:FV718/3*

+5/X1,,-:=,:.-3048545BW=0C?3>48W.=45�042V84510:3>=/?X::23C93D423E=/8215/5

:?6.=:
<*)J�=97245,:2/2?1.122C04..V-39F84*�GG4>42E,,=/8215/=:5:?6.=:

n
∑

k=0

cktp [k]
x1x2...xn


<*)I�

A33>4F84�8AF>Y5455t 43459.*+
=-X1.5=/8215/=:5:>e−rtHX42X:2C3>/8>13�0:B?-.54F81213

651.=:7B6=*�4FVW=D42�G/FVm+1718:5
2:.93-304845434=:>)*3>:=:3>,:.9854204>455

t
S

k
, k = 1, . . . , m04..V-39F4

=*�6?B6=:>5�G/FVG:Atj

B424.5-:T (xj) > t 43409.V5�

j = 1, . . . , n �5/X1
,,1

γt
8AF>Y5455t 43459.:>/

=.:=:>Atj
43409.V4=.4=:3>10:�

:042V4=,4=AX45=4>.4=�:==/8

E

[(

γt

k

)]

=
t
S

k
, k = 0, . . . , n.


<*);�

+
<*);�D/8062:98X9.V4339F95-2245E4.2*�89=/7:
);;O�=A.VX9,4.:N*<3>:=:3>5*+

<*);�4FV4.2E39F,E2=AX45=4>-=�G/FV

n
∑

i=0

(

i

k

)

t
p [i]

x1x2...xn

=
t
S

k
, k = 0, 1, . . . , n,


<*<��

:G/2
t
S0 = 1
?4(.Y�-C3>48-.5*

+
<*<��4FV4.2E39F4=3>10:n + 1�6FV:.4..V-:
,:2/2?:2/.122CA33>4F,4.3>48472E

X:2C3>Y.@39F4=3>10:-3*+
t
S

k
, k = 0, 1, . . . , n

93:
t
p [i]

x1x2...xn

�-[��)�***�n04..V-39F4
=

4FV985420@4.04FG:518/>>1=4FV0135*
::>/.,:.:
<*<��4FV4.2E39F4=45�3:=:k =

OJ



0, 1, . . . , m 43454
=84Y8B6=D42�:G/2m < n, :

==/8:
t
S

k
, k = 0, 1, . . . , m04..V-39F4

=�
042V4=45D4254X93W.=3>48-.5-3048W.=�018.40G:518/>>1=04F4FV98542@4.:

t
p [i]

x1x2...xn

,

i = 0, 1, . . . , n X:
2C3>Y.@39F4=45*�>985:>65C,,-:=:5X125/>C=.:=54=-.5BW=93:>:?/55

4FV4.2E39F4=93:X125/>C=8:5455.40.4F:5-X-513-D42595424=04224550-.-0:2->12B6=�-22*
0:�-0:2->12B6=:>5:�92DWFFX9.V5�:042V45
<*)I�G:518/>04F�G:/55-3X125/>C=.:=
54=-.5BW=:X:2C3>Y.@39F4=45*+B42A2934FV3>48@3Y593498?4=9,4.:X125/>C=.:=54=-.5455

t
p [i]

x1x2...xn

X:2C3>Y.@39F4=G42V455:5/X1,,-:=,:.:vti
3>-0,C260/=:5:2=:20:>>6=* �2V

0C?/.:
<*)I�9859=84X/.:5=/>C:23C93D423E,4�32934=45:>:21,,-2-.418-378/F8:0/>13-
D42:?:5/75-0609859=4-3>/2F125:5B1=�

min(max)
n
∑

i=0

civti

D4259X4�G/FV
n
∑

i=0

(

i

k

)

vti =
t
S

k
, k = 0, 1, . . . , m

vti ≥ 0, i = 0, 1, . . . , n.


<*<)�

+
<*<)�D42:?:5G42V4554FVX:2:0-X42=9.V420434,,:2:=KD42:?:5/5Y8G:56.=D42�G::

t
S

k
, k = 0, 1, . . . , m

K.*,-./0-12-30/04.560/=G42V45515598W.=:
t
µ

k
, k = 0, 1, . . . , m

G:5X1.V0/04.560/=8:*+
<*<)�D42:?:54FV4.2E39F43D42595424-.4=4=X-X:24.3:2:=B::
=AX45=4>E

n
∑

i=0

ikvti =
t
µ

k
, k = 0, 1, . . . , m,


<*<<�

:G/200 = 1�
?4(.Y�-C3>48-.5�93

t
µ

k
=

k
∑

j=0

S(k, j)j!
t
S

j
k = 0, 1, . . . , m.


<*<J�

+>S(k, j) 3>10/
=:>K.*�5-82-.F3>10/=*�>4=9854204>9395-2245E4.2*�89=/7:
);;O�

)OL*/*�+
<*<J�4FV4.2E39F4==-3k 9859=4=84=A..V4.04F:?G:5C=:
<*);�D/8062:
:2:7B1.�6FV:.-30-.?4.k 43459.

D4..122:>

E
(

νk
t

)

=
t
µ

k

OL



4FV4.2E39F*�FV72*

t
µ

1
=

t
S

1

t
µ

2
= 2

t
S

2
+

t
S

1

t
µ

3
= 6

t
S

3
+ 6

t
S

2
+

t
S

1
.

+D4.5-4=:2:7B1.D42Y8G:5B6=:
<*<)�D42:?:5/=G/>4=X-X:24.3:21,,-D42:?:5/=:5*

min(max)
n
∑

i=0

civti

D4259X4�G/FV
n
∑

i=0

ikvti =
t
µ

k
, k = 0, 1, . . . , m.


<*<L�

+
<*<L�D42:?:55A0A84,,:2:=B::=AX45=4>E�

min(max)
n
∑

i=0

civti

D4259X4�G/FV
n
∑

i=0

aivti =
t
µ,

vti ≥ 0, i = 0, 1, . . . , n,


<*<O�

:G/2

ai =























1

i

i2

***

im























, i = 0, 1, . . . , n

t
µ =























1

t
µ1

t
µ2

***

t
µ

m























.

OO



+
<*<O�D42:?:58:989.V43:=AX45=4>E59542*
P�(��������



��������

�


����c0, c1, . . . ,

��#��
�
�

��0 < c < 1

��m + 1 �
�#
�
�

��



���#


����
�&��

�

�
�%��
�������������"�
"�


���"�"����������"&�	�����
�

����"

��
�������"��

"�&��


�

� 0, i, i + 1, . . . , h, h + 1



�
&��

�

� j, j + 1, . . . , h, h + 1, n.

�"���������+59542:<*)�<*<595424=93�89=/7:
);;��);;O�)O;*/2?�?-3>=8950/H
04.56078/,29018:X/.:5=/>C?61204F4.F4?455,1>-33586=5K8:595429,E2=AX45=4>-=*

�55D42G:3>.12135.V48:c0, c1, . . . , cn
3/8/>:5/3>5/55?-�484.�-1-.:=7/>-5-X-513:*

�

P�U��������
c < 1
2

��m + 1 �
�#���

���#


����
�&��

�

�
�%��
�������������"�
"


���"�"����������"&�	�����
�

����"��
�������"��


"�&��

�

� 0, j, j + 1, . . . , h, h + 1, n



�
&��

�

� i, i + 1, . . . , h, h + 1.

�"���������+5954298X9.V4339F4:<*<59542G4>G:3/.2C:.-F:>/2G:5C*

�

+>m = 2 434584X/.:5
=/>C2:F:<*<LD42:?:5:2:=B::=AX45=4>E�

min(max)
n
∑

i=0

civti

D4259X4�G/FV

vt0 + vt1 + vt2 + . . . + vtn = 1

vt1 + 2vt2 + . . . + nvtn =
t
µ

1

vt1 + 4vt2 + . . . + n2vtn =
t
µ

2

vti ≥ 0, i = 0, 1, . . . , n,


<*<N�

:G/2
t
µ1

93
t
µ2

:=/81,,:.04F:?/55=972454=3>48-.5G:518/>G:5C=04F
t
S1

93
t
S2

-304H
8459,4.*

ON



+<*J595423>48-.5:
<*<N�D42:?:5?61204F4.F4?455,1>-3:-:>:21,,-5Y763K:=�

0-.D42:?:5 0, i, i + 1

0:�D42:?:5 j, j + 1, n.

+>0[J4345,4.:
<*<L�D42:?:5:2:=B::=AX45=4>E�

min(max)
n
∑

i=0

civti

D4259X4�G/FV

vt0 + vt1 + vt2 + . . . + vtn = 1

vt1 + 2vt2 + . . . + nvtn =
t
µ

1

vt1 + 4vt2 + . . . + n2vtn =
t
µ

2

vt1 + 8vt2 + . . . + n3vtn =
t
µ3

vti ≥ 0, i = 0, 1, . . . , n,


<*<��

:G/2:
t
µ

1
,

t
µ

2
,

t
µ

3

G:5X1.V0/04.560/=�:
t
S

1
,

t
S

2
,

t
S

3

,-./0-12-30/04.560/=-304H
8459,4.04FG:518/>G:5C=*

+<*L595423>48-.5:
<*<��D42:?:5?61204F4.F4?455,1>-3:-:>:21,,-5Y763K:=�

0-.D42:?:5 0, j, j + 1, n

0:�D42:?:5 i, i + 1, j, j + 1.


::
<*<O�D42:?:50-.-060930:�-0609859=4-5Lt

93Ut

B424.5-=�:==/8D4..122:>

:21,,-8421�-C*

Lt ≤
n
∑

i=0

citp [i]
x1x2...xn

≤ Ut

:
<*)J�4FV4.2E39FD423E3/81,:.122C6.*:=5618-63B424.9859=8474?-F:>:21,,-:23C93
D423E=/8215/=:5=:7B6=�

∞
∫

0

e−rtLtdt ≤
n
∑

i=0

ci

∞
∫

0

e−rt
tp [i]

x1x2...xn

dt ≤
∞
∫

0

e−rtUtdt.

<*<I�

O�



+=/8215/=.6048-=6304FG:518/>13:/2V0C?/.5A859.-=�G/FV0-.?4.t 43459.04FH
G:518/>>6=:>5:,1>-35�042V78-0:204F4.F4?455-3�D42Y8B6=:>Lt�

-22*:>Ut
/75-060

9859=459342X9F4>>W=:>-.54F812135:88::>-.548X:22608:�:042V,4.:>:?/55,1>-38::

78-01204F4.F4?45539FD4..122*

OI



���� ��������
�����������������
	��

+
<*)N�78/,290::>6.*?-3>=8950/04.56078/,290:�8AF>Y5455t 43459.*�D42:?:5H
,:.:X:2C3>Y.@39F42/3>2135:85CB::0, 1, . . . , n

G:20:>�:�92DWFFX9.V,4.74?-F:c0 = 0�

ci = cn−i�i = 1, . . . , n 4FVW55
G:5C=3>484742.4=*


::>42/3>2135:85CB::{z0, z1, . . . , zn}
G:20:>�:�92DWFFX9.V4FVW55G:5C=74?-F:>

f(z0), f(z1), . . . , f(zn) 3>10/
=�:==/8:D42:?:5/75-0609859=4-�X:FV-3:�92DWFFX9.V

:23C93D423E=/8215B:-:>:21,,-4FV4.2E524.39F4=D/801B1,:./2?G:5C=04F�
2*�89=/7:
);;O�)�)/2?*�

zizi+1−(zi+zi+1)µ1+µ2

(zi−z0)(zi+1−z0)
f(z0) −

z0zi+1−(z0zi+1−(z0+zi+1µ1+µ2

(zi+1−zi)(zi−z0)
f(zi)

+ z0zi−(z0+zi)µ1+µ2

(zi+1−zi)(zi+1−z0)
f(zi+1) ≤ E [f(ξ)] ≤ zj+1zn−(zj+1+zn)µ1+µ2

(zj+1−zj)(zn−zj)
f(zj)

−zjzn−(zj+zn)µ1+µ2

(zj+1−zj)(zn−zj+1)
f(zj+1) +

zjzj+1−(zj+zj+1)µ1+µ2

(zn−zj+1)(zn−zj)
f(zn),


<*<;�

:G/2i 93j :>:
21,,-4FV4.2E524.39F4=89X9.G:518/>G:5C=04F�

zi ≤
µ2−z0µ1

µ1−z0
≤ zi+1


<*J��

zj ≤
znµ1−µ2

zn−µ1
≤ zj+1.


<*J)�


:4>5:0-4345W.=84374�-:2->12B6=�:==/8:=AX45=4>E:?C?-=

(i+1)
t
µ
1
−

t
µ
2

i
cn−i −

i
t
µ
1
−

t
µ
2

i+1
cn−i−1 ≤

n
∑

l=1

cn−l
tp

[l]
x1x2...xn

≤
(j+1)n−(n+j+1)

t
µ
1
+

t
µ
2

n−j
cn−j −

jn−(n+j)
t
µ
1
+

t
µ
2

(n−j−1)
cn−j−1 +

j(j+1)−(2j+1)
t
µ
1
−

t
µ
2

(n−j−1)(n−j)
,


<*J<�

:G/2:>i 3>10/5:>

i
t
µ

1
≤

t
µ

2
≤ (i + 1)

t
µ

1
,


<*JJ�

:j 3>10/574
?-F:

j(n −
t
µ

1
) ≤ n

t
µ

1
−

t
µ

2
≤ (j + 1)(n −

t
µ

1
)


<*JL�

4FV4.2E524.39F,E2G:518/>>6=04F*

O;



�4FVW=D42�G/FV:
t
µ

1

93:
t
µ

2

0/04.560/=3400-2V4.t > 0 43459..404FV4.
2E=*


:=950/04.5604FV4.2E�:==/8:>42/3>213:{0, 1} 9859
=84=/.�4.5812C?-=* �>5:>

43454554G15=->18B6=*�==/8:>/.,:.:
<*JJ�125:204FG:518/>/55i 6= 0�6FV:.-3i = 0

43459.:>5=:7.1.=�G/FV
t
µ

2
≤

t
µ

1
�X-3>/.556?B6=:>5�G/FV

t
µ

2
≥

t
µ

1
�54G15

t
µ

2
=

t
µ

1

=AX45=4>.9=*

+
<*JL�4FV4.2E524.39F,E2:>/.,:.=AX45=4>G45�G/FVj = 0. 
:4>
D4..122:==/8:


<*J<�4FV4.2E524.39F,4.cn−j
G42V4550

-8:.?C*
�42A2B4Ii

:t 9859
=4=.4=:>5:>-.548X:226015�:042V45:
<*JJ�4FV4.2E524.39F4=8AFH

>Y5455i 43459.04F
G:518/>.:=*
:3/.2C:.9854204>>W=
<*JL�:2:7B1.:Jj

-.548X:2260/5*


::
<*J��4FV4.2E524.39F,4.0-.?4.W553>/8>6.=:>e−rt
D:=5/88:2�0:B?:,:2/2?:2/.

-.54F8126.=:>Ii�:
B/,,/2?:2/.74?-F:Jj

-.548X:2260/.�X9FW242X9F4>>W=:>i − re

(i = 1, . . . , n)
93:j−re (j = 0, 1, . . . , n)X/.:5

=/>CA33>4F4>935�:==/8:=:7/55A33>4F4=

:23C�-2245X4D423E=/8215:-243>.4=:>9XB18:?9=:=5618-63B424.9859=9.4=�X:FV-3:

n
∑

l=1

cn−l

∞
∫

0

e−rt
tp [l]

x1x2...xn

dt

9859=.4=* +D/80621=D42Y81315C2�:>/=,/.V/262531F:0-:55�4254=-.5W.=* +0C?3>48

.6048-=63X->3F12:5:-35/X1,,-D42:?:524G45*

N�
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::?/55:=:ξ 93η
?-3>=895X:2C3>Y.@39F-X125/>C=42/3>213:�:==/804F3>48=43>5G45E

:>4FVW554342/3>2136=KFV�G/FV:=A>5W=29XE=/88421�-C0:�-012-3�-2245X40-.-012-3
24FV4.*�4FV4.4=:ξ 93η 42/3>213:-84.?84

P (ξ = xi) = pi, i = 1, . . . , m

J*)�

93

P (η = yk) = qk, k = 1, . . . , n.

J*<�

�926.=:>�G/FV:

P (ξ = xi, η = yk) = pik, i = 1, . . . , m; k = 1, . . . , n

J*J�

4FVW5543X:2C3>Y.@39F4=45KFVG:518/>>6=04F�G/FV:ξ
93η X:
2C3>Y.@39F-X125/>C=

=A>A55-=/X:8-:.�-:

cov(ξ, η) =

m
∑

i=1

n
∑

k=1

xiykpik − M(ξ)M(η)

J*L�

0:�-012-3�-2245X40-.-012-324FV4.*�-X4
2:
J*J�=97245,4.:>

M(ξ) =

m
∑

i=1

xipi


J*O�

N)



93

M(η) =
n
∑

k=1

ykqk


J*N�

X18G:5C9859=4=.40DWFF4.4=:pik
4FVW5543X:2C3>Y.@39F4=5E2�:>985429F:>:21,,-/7H

5-0:2->1213-D42:?:5718504F/2?:.-�

max(min)
m
∑

i=1

n
∑

k=1

xiykpik


J*��

D4259X4�G/FV

n
∑

k=1

pik = pi, i = 1, . . . , m

m
∑

i=1

pik = qk, k = 1, . . . , n

pik ≥ 0,

i = 1, . . . , m;

k = 1, . . . , n.


J*I�

�-X4
2.V-2X1.X:2C:.542B43W2:

m
∑

i=1

pi =

n
∑

k=1

qk(= 1),

J*;�

D4259542�:>985:
J*O�D42:?:54FV3>122Y513-D42:?:5�:042V125:21./3:2:=B::=AX45=45E*

�4FV4.:?/55:

N<



C =



































c11 c12 . . . c1n

c21 c22 . . . c2n

***

cm1 cm2 . . . cmn




































J*)��

0�.H430158-��5/X1,,124FV4.4=

a1 ≥ 0, a2 ≥ 0, . . . am ≥ 0,

b1 ≥ 0, b2 ≥ 0, . . . bn ≥ 0,


J*))�

/2V:.3>10/=�042V4=84542B43W2:

m
∑

i=1

ai =
n
∑

k=1

bk


J*)<�

D4259542�0-.-0:2->12:.?C

m
∑

i=1

n
∑

k=1

cikxik,

J*)J�

D4259X4�G/FV

NJ



n
∑

k=1

xik = ai, i = 1, . . . , m,

m
∑

i=1

xik = bk, k = 1, . . . , n,

xik ≥ 0, i = 1, . . . , m, k = 1, . . . , n.


J*)L�

�FV:.4>504FD/F:20:>G:5B6=013=9774.-3�0-3>48-.5=-5A254.?E4FV0�.H4351,2:

.40.4F:5YXxik
3>10/==:2/2V0C?/.�G/FV

x11 x12 x1n a1

x21 x22 x2n a2

.

.

.

xm1 xm2 xmn am

b1 b2 bn

:>4FV433/8/=,:.:>42404=A33>4F404F4FV4>>9=:51,2:B/,,/2?:21.� :>4FV43

/3>2/7/=,:.:>42404=A33>4F404F4FV4>>9=:51,2::2B1.29XE04FD4242Eai�
-2245X4bk

3>109859=4==42 93:
J*)J�3>/8>:5A33>4F0-.-012-324FV4.* +D4.5-51,2153>122Y513-
51,21.:=�:>ai�bk

3>10/=:574?-F748409859=4=.4=D/FB6=.4X4>.-*

+.40>452A>--8/?:2/0,:.4298G45E�/7621=1554=-5934651.:.6048-=633>10/2138:

:3>122Y513-D42:?:5/=0/?422B95X12:3>5/556=* +3>10Y513:2:7B1623>/2F12C:?:5/=:5

:�A>7/.5- �5:5-3>5-=:-
-X:5:2��40/F81(:-�X=A.VXH9.4=<��)H43 9X84X/.:5=/>C

�:FV:8/83>1F
D98(-2245X4.E-G:2:.?C31F-51,21B1,C2X455W=
2* )�<* �4229=2454=�*

+>4240-:?:5/=:5
:3>1>4>4892X43>W2A55,E204FG:25:B42>4559245=/8,:.(dx)
/3>2/7

3>/2F125:55:*+X->3F1253>4092V429245=/8:4345W.=,4.O��-2245X4<�9X43D98(�L��-2245X4
)I9X43.EX/25*

NL



�>122Y513-78/,290:0:�-060D42:?:5=9.5*

max
m
∑

i=1

n
∑

j=1

cijxij ,

J*)O�

D4259X4�G/FV

n
∑

j=1

xij = ai, i = 1, . . . , m,

m
∑

i=1

xij = bj , j = 1, . . . , n,

xij ≥ 0, i = 1, . . . , m, j = 1, . . . , n,

:G/2

m
∑

i=1

ai =
n
∑

j=1

bj .


J*)N�

+3>122Y513-D42:?:5/=8:-30485:=AX45=4>E59542*

(�����������������#& ������$����

���%�
�"�
#�

�
�����#���#"��
����������
��
������
"����{ ai }�{ bj }

��#��
����������"
�
�"��

���#��	�


�


���#��

"�

���

1 ≤ i ≤ m − 1,

1 ≤ j ≤ n − 1

������&������
�

����"������'�������

cij + ci+1,j+1 ≥ ci,j+1 + ci+1,j


J*)��

NO



+0-4345W.=,4.

cij = xiyj

x1 ≤ x2 ≤ . . . ≤ xm

y1 ≤ y2 ≤ . . . ≤ yn


J*)I�

+0:�-012-3=/88421�-CD42:?:51504F/2?B::>93>:=.V6F:5-3:8/=0C?3>48�:0-.-012-3
=/88421�-CD42:?:51574?-F:?92.V6F:5-3:8/=0C?3>48
2*J*�I*�4229=2454=�*
�>=AX45=4>-=�W34.?/8D595429,E2* +0-4345W.=,4.cik = xiyk�4>

985:J*)�D4259542

542B43W2939G4>:>3>W=39F43�G/FV

cij + ci+1,j+1 − ci,j+1 − ci+1,j

= xiyk + xi+1yk+1 − xiyi+1 − xi+1yk

= xi(yk − yi+1) + xi+1(yk+1 − yk)

= (xi+1 − xi)(yk+1 − yk) ≥ 0


J*);�

542B43W2BA.*+,->5/3Y513-0:540:5-=1,:.:5K29293--?E5:85:0/=X:2C3>Y.@39F-0/?4224H
>939,4.xi = i, i = 1, . . . , m

93yk = k, k = 1, . . . , n
934>4=84542B43W2:
J*);�D4259542*

+>:=5618-63B424.9859=D42:?:5G/>24FV4.4=:c; c0, c1, c2, c3, c4
9859=4=:=AX45=4>E=�

c =
1

2
; c0 = 0, c1 =

1

8
, c2 =

1

4
, c3 =

1

2
, c4 = 1


J*<��

�==/8:>:=5618-63B424.9859=84:23C93D423E=/8215/5:?C:FF84F1252-.418-378/F8:0/H
>13-D42:?:5/=:>:21,,-:=�

NN



�]]��]��� ������

min(max)(1
8
v1 + 1

4
v2 + 1

2
v3 + v4)

v0 +v1 +v2 +v3 +v4 = 1(= S0)

v1 +2v2 +3v3 +4v4 = S1

v2 +3v3 +6v4 = S2

vi ≥ 0, i = 0, 1, . . . , 4.

n = 4 m = 2 
J*<)�

�-X4
284.?42=4>93W.=84122.:=:>4FV93=95?-04.>-C37484042/3>213/=X:2C3>Y.@39F4-�

:>9850-42E55:>S1
93S2
9859=4=,4:FF84F12.1.=:>/=:5�D42Y8G:5B6=:
J*<)�2-.418-3

78/F8:0/>13-D42:?:5/=.:=04FD4242E�KFV.4X4>455?-3>:FF84F1252-.418-378/F8:0/>13-

D42:?:5/=:5-3*�>4=/75-012-304F/2?13:-X18G:5C:.3/==:2B/,,:23C�-2245X4D423E=/8215/5
D/F.:=:?.-:>:=5618-63B424.9859=84*

N�



� � � � � � � � � � � 	 
 � � 
 � 	 	 �

min(max) (1
8
t1 +1

8
t2 +1

8
t3 +1

8
t4 +1

4
t5 +1

4
t6 +1

4
t7 +1

4
t8 +1

4
t9 +1

4
t10 +1

2
t11 +1

2
t12 +1

2
t13 +1

2
t14 +t15)

t0 +t1 +t2 +t3 +t4 +t5 +t6 +t7 +t8 +t9 +t10 +t11 +t12 +t13 +t14 +t15 = 1

t1 +t5 +t6 +t7 +t11 +t12 +t13 +t15 = p1

t2 +t5 +t8 +t9 +t11 +t12 +t14 +t15 = p2

t3 +t6 +t8 +t10 +t11 +t13 +t14 +t15 = p3

t4 +t7 +t9 +t10 +t12 +t13 +t14 +t15 = p4

t5 +t11 +t12 +t15 = p12

t6 +t11 +t13 +t15 = p13

t7 +t12 +t13 +t15 = p14

t8 +t11 +t14 +t15 = p23

t9 +t12 +t14 +t15 = p24

t10 +t13 +t14 +t15 = p34

� �
�
� � �

ti ≥ 0, i = 0, 1, . . . , 15.

NI



+DWFF4524.4345,4.S1
H4.93S2

H.5K2S3
93S4
-33>10/2G:5C�G-3>4.0-.?4.kH8:

k = 1, . . . , 4

Sk =
∑

1≤i1<...<ik≤n

pi1 . . . ik =
∑

1≤i1<...<ik≤n

pi1 . . . pik


J*<J�

�>985:

v0 +v1 +v2 +v3 +v4 = 1

v1 +2v2 +3v3 +4v4 = S1

v2 +3v3 +6v4 = S2

v3 +4v4 = S3

v4 = S4


J*<L�

2-.418-3 4FV4.24584.?3>48 4FV4524. 04F/2?1318: 3>W=39F=9774. 542B43W2.- =422 :

vi ≥ 0, i = 0, 1, . . . , 4 .40.4F:5-X-513-
D42595424=.4=� 93:>4>4==42 :>9859=4==42

3>10Y5/551
8
v1 + 1

4
v2 + 1

2
v3 + v4
9859=7/.5/3:.4FV4.2E243>:>:=5618-63B424.9859==42*

+>:FF84F12593:?-33>:FF84F125D42:?:5/=X:2:0-.5:DWFF4524.4345484?09.V4-5

51,21>:5,:D/F2:256=*+51,21>:5/=,C224/2X:3G:5C�G/FV:0-.-012-3=/88421�-C:23C93
D423E=/8215B:-:<I*3/8651.018.403>10Y5G:5C=�G-3>4.4>4=:>959=4=:>9245=/8/=,C2

:?C?.:=*

+>:FF84F1250/?4229243:23C93D423E=/8215/=:5:?/55:0-.-060=/88421�-C43459,4.�
:0:�-060=/88421�C:23C93D423E=/8215B:-42598935065:5.:=*

N;
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